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NONASYMPTOTIC STATISTIC - FINAL EXAM
December 17, 2015. 1 pm - 4 pm.

Calculators and documents are not allowed. This examination paper has two pages.

Part 1. Parametric statistics (S. Pergamenchtchikov)
1. Simple regression (6 points).
1. Give the definition for the simple regression model.

2. Assuming that in the simple regression model the noise distribution is Gaussian. Construct
the test to check if a; = 1 or not with some fixed confidence level 0 < o < 1.

2. Multiple regression (4 points).

1. Give the definition of the multiple regression model.

2. We consider a multiple regression model of order 3. Construct the least square estimator
for the parameters: a;, as and ay + 2as.

Part 2. Nonparametric statistics (G. Chagny)

In the sequel, we denote by Xi,...,X,, a sample of independent and identically distributed
real random variables with unknown density f with respect to the Lebesgue measure on R and
unknown cumulative distribution function F'.

3. Course notions (3 points).

1. Recall the definition of the kernel estimator fh of the density f, associated to a kernel
K :R — R and a bandwidth parameter h > 0.

2. Let 29 € R and denote by MSE,, (f) = E[(fn(x0)— f(20))?] the mean squared error at the
point zg. Write (without proving it) an upper bound for M SE,,(f), and the assumptions
required to obtain it.

3. In the figure below, the MSEmO(fh) is plotted with respect to the value of the parameter
h (this is the result of simulation experiments). Could you explain the shape of the curve?
How can the statistician choose the bandwidth h?

Risgue de What(s)_h

0
e .
~~~~~~~~~~~~




UNIVERSITE DE ROUEN — MASTER 2 MFA 2015-2016

4. Projection estimators for the cumulative distribution function (7 points).

We first describe the notations that are used in the sequel.

Norm. For A = R or A = [0;1], we denote by |[.[[z2(4) the usual norm of L?(A), that is
lgllz2ay = fAQ z)dx)'/?, for g € L*(A).

Projection subspace. Let D > 0 be an integer and, for any j € {1,...,D},

pj(z) = \/51[%%[(1‘), x € [0;1].

Let Sp = Span{e1,...,¢p}, and IIg, F' the orthogonal projection of F' onto Sp. It is
recalled that IIg, F = ZJD:1 0;p;, with 6; = fol F(z)pj(z)dz.

Estimator. We consider the following estimator for F":
D 1 n
Fp=> 0;0;, with; == (2)1x, <pdz, §> 1.
D ; iP5, WL U n;/ﬂ{%(@ X;<2T5 J 2

1. The aim of this question is to study the integrated error of F 'p, defined by

MISE(Fp) =E [HFD - Fllimo;u)} '

(a) Calculate E[§,], for j € {1,..., D}. Conclude that E[Fp(z)] = Mg, F(x) for z € [0,1].
(b) Justify that

MISE(Fp) = ||F — s, Fl[72 (0. + E [HFD - HSDFH%Q([U;H)} :

(c) Prove that
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VjE{l,...,D}, (9j-(9j> S/J‘__l <n21xi<z—F(x)> dx.
D =1

(d) Conclude that
MISE(Fp) < |F = s, F||720a)) +

2. What can be concluded about the best choice of the dimension D? Do you know an-
other estimator for the cumulative distribution function F' that permits to justify this
phenomenon?

3. For g € L?(R), we define the following contrast function

(9) = 19132z —fz / D) x,cade,

(a) Prove that E[y,(g)] = |lg — F||L2(R ||F||L2 (R)’ for any g € L?(R). Deduce that ~,
suits well to estimate the cumulatlve distribution function F'.

(b) Calculate Fp = arg minges,, Yn(g), and conclude that Fp=Fp.



